A physical prescription to improve the accuracy of few-body Glauber model calculations of reactions involving loosely bound projectiles is presented in which the eikonal phase shift function of each projectile constituent is modified to account for curvature of its trajectory. Noneikonal effects due to both nuclear and Coulomb interactions are treated on an equal footing. The proposed method is assessed quantitatively by comparison with full quantum mechanical calculations in the case of 11 Beϩ 12 C elastic scattering, treated as a three-body 10 Beϩnϩtarget problem, at energies of 25 and 49.3 MeV/nucleon. Calculated cross-section angular distributions which include the noneikonal modifications are shown to be accurate to larger scattering angles, and for lower incident projectile energies. ͓S0556-2813͑97͒50603-0͔ PACS number͑s͒: 21.45.ϩv, 24.50.ϩg, 25.60.Ϫt, 25.70.Bc The semiclassical eikonal approximation to high-energy projectile scattering has been applied extensively in nuclear physics. Most recently, methods based on the eikonal approximation have formed the basis of few-body calculations of reactions involving the elastic scattering ͓1,2͔ and breakup ͓3͔ of loosely bound exotic nuclei. While essentially exact calculational schemes have been developed for treating effective three-body systems, e.g. ͓4͔, the eikonal models currently provide the only practical methods for quantitative investigations of effective four or more body systems, such as are required to model 11 Li or 8 He induced reactions. The resulting simplifications to the quantum few-body problem stem from two sources. The first is the eikonal approximation, in which the incident particles are assumed to follow straight line paths through the interaction field of the target. The second is an adiabatic treatment of the internal degrees of freedom of the composite. We discuss, and make use of, the adiabatic treatment in the following. The present work, however, deals only with corrections to the former, eikonal, approximation. Eikonal models have many variants, the most successful having been formulated by Glauber ͓5͔.
The semiclassical eikonal approximation to high-energy projectile scattering has been applied extensively in nuclear physics. Most recently, methods based on the eikonal approximation have formed the basis of few-body calculations of reactions involving the elastic scattering ͓1,2͔ and breakup ͓3͔ of loosely bound exotic nuclei. While essentially exact calculational schemes have been developed for treating effective three-body systems, e.g. ͓4͔, the eikonal models currently provide the only practical methods for quantitative investigations of effective four or more body systems, such as are required to model 11 Li or 8 He induced reactions. The resulting simplifications to the quantum few-body problem stem from two sources. The first is the eikonal approximation, in which the incident particles are assumed to follow straight line paths through the interaction field of the target. The second is an adiabatic treatment of the internal degrees of freedom of the composite. We discuss, and make use of, the adiabatic treatment in the following. The present work, however, deals only with corrections to the former, eikonal, approximation. Eikonal models have many variants, the most successful having been formulated by Glauber ͓5͔. Given the economy of the eikonal calculational schemes, many attempts have been made to extend their range of validity by including correction terms. These account for the bending of the path of the particle during the interaction. Saxon and Schiff ͓6͔ replaced the eikonal phase by the Wentzel-Kramers-Brillouin ͑WKB͒ phase, on the grounds that the latter included the eikonal phase, plus higher-order terms, when expanded in powers of the interaction ͓7͔. Other approaches were reported ͓8,9͔ culminating in the work of Wallace ͓10͔. The resulting corrections were expressed as an expansion with the eikonal phase as the leading term.
A quite different prescription, applicable in heavy-ion scattering, where the Coulomb interaction plays a very significant role, as would be indicated by a Sommerfeld parameter ӷ1, was proposed by Vitturi and Zardi ͓11͔.
All previous noneikonal discussions have been confined to a consideration of structureless point particle scattering from a target potential. In this Rapid Communication our aim is to present and assess a prescription to include the most important noneikonal corrections for a composite few-body projectile, and so to improve the accuracy of reaction observables calculated using few-body Glauber ͑FBG͒ models.
Specifically, we are interested in applications to reactions of light composite projectiles such as 6 He, 8 B, 11 Be, 11 Li, etc., comprising a core nucleus and one or more loosely bound valence nucleons, at incident energies of a few 10's of MeV per nucleon. Data for such systems are now being accumulated with ever increasing accuracy at several facilities worldwide. Such projectiles, some with neutron-target subsystems, and all with core-target Sommerfeld parameters c Ͻ1, are not amenable to the simple Vitturi-Zardi prescription and require a consideration of corrections to the eikonal phase for each projectile constituent-target two-body subsystem which enters the few-body reaction amplitude.
For composite n-body nuclei ͑where the n bodies are core clusters or individual nucleons͒ the FBG model makes the adiabatic approximation ͓12͔, freezing the internal coordinates of the projectile constituents during their passage by the target. Thus each constituent is assumed to interact independently with the target via a two-body interaction or optical potential, and to follow its own straight line path through the interaction region; the eikonal aspect. We consider noneikonal corrections, the bending of these individual trajectories, due to both the nuclear and Coulomb interactions. We will present calculated cross-section angular distributions for 11 Beϩ 12 C elastic scattering at 25 and 49.3 MeV/nucleon, an effective three-body 10 Beϩnϩ 12 C system. In such threebody cases full quantum mechanical calculations, which make the adiabatic approximation but not the additional eikonal assumption, can be performed and so can be used to assess the importance and validity of the noneikonal modifications made to the FBG model.
The adiabatic approximation to the Schrödinger equation for the scattering from a structureless target of a n-body projectile, with internal Hamiltonian H 0 , ground state wave function ⌽ 0 (r ជ 1 , . . . ,r ជ n ) and energy 0 , is
Here U is the sum of the projectile constituent-target optical potentials, assumed central for simplicity. Coordinate R ជ is the position of the projectile center-of-mass ͑c.m.͒ relative to the target, T R is the corresponding kinetic energy operator 0 , it being assumed that the projectile internal energies excited in the reaction are small compared to the total energy E, or, that the velocities of the projectile constituents are slow compared to the c.m. translational motion.
The result is a two-body dynamical Schrödinger equation for the (nϩ1)-body problem with only parametric dependence on the projectile internal coordinates. The validity of the adiabatic approximation has been studied extensively in deuteron, 6 Li, and 7 Li induced reactions ͓4͔. Broadly speaking, good agreement is found with more exact three-body methods for projectile energies of order 30 MeV/nucleon. In the following, calculations are presented for 11 Beϩ 12 C scattering which solve the three-body adiabatic equation ͓13͔ by partial wave expansion and without further approximation, using the method of ͓14͔.
In addition to the adiabatic approximation, the few-body Glauber ͑FBG͒ models make the semiclassical straight line path assumption. The FBG elastic scattering amplitude for a two-body projectile, with internal wave function ⌽ 0 (r ជ ), is, e.g. ͓2͔,
with qϭ2Ksin(/2) the momentum transfer. Here X 0 c and X 0 v are the eikonal phase shift functions for the core-and valence particle-target systems,
where vϭបK/ is the projectile c.m. velocity. The factors exp(iX 0 i ) are related, in the eikonal approximation, to the core-and valence particle-target elastic S matrices S i (b i ), functions of their individual impact parameters. The noneikonal corrections in this two-body projectile case will require modifications to be made to the X 0 i , or equivalently to the description of the S i (b i ).
Following Wallace ͓10͔, and references therein, we make use of the correspondence between the eikonal phase and the expansion of the WKB phase shift. The WKB phase, expressible as an expansion in powers of the parameter ⑀ϭ1/បKv ͓15͔, reads
for iϭc,v. We note that the WKB expansion has the eikonal phase shift as its nϭ0 term. The X WKB i are not themselves exact. The required correction terms were first studied by Rosen and Yennie ͓16͔ and subsequently by Wallace ͓10͔.
Our prescription for improving the phases to be used in the FBG models is, therefore, to replace the eikonal phase functions X 0 i of Eq. ͑3͒ in Eq. ͑2͒
where the second term constitutes the Rosen-Yennie ͑RY͒ correction terms ͓16͔, also expressible as an expansion in powers of ⑀ ͓10͔.
As written above, the X i include fully both Coulomb and nuclear interaction effects since V(r)ϭV N (r)ϩV C (r) is the sum of the nuclear and Coulomb interactions. Specifically, the eikonal phase function for a charged core comprises nuclear and Coulomb terms,
It is well known that these Coulomb phase terms diverge logarithmically at the limits of the integral over z and we need formally to introduce a screening radius a s which shields the charges at large distances. In the presence of screening ͓2͔, we must replace
where X 0 c is the screened Coulomb phase of the core and X a c , proportional to c , is a constant. This Coulomb screening need only be applied in the lowest-order term. Elsewhere, V C appears in quadratic or higher powers of (V N ϩV C ). These terms make only finite range modifications to the integrals over z in higher-order terms. With these clarifications the scattering amplitude reads
where X a ϭX a c ϩX a v and the X i differ from X i in that X 0C i has been replaced by X 0 i in the lowest-order (nϭ0) term. To evaluate the integral over b in Eq. ͑8͒, it is advantageous, technically, to add and subtract the screened amplitude due to the point Coulomb interaction acting on the projectile c.m. ͓2͔, so that
͑9͒
The introduction of the screening radius results only in a constant phase factor and the limit a s →ϱ has no consequences when calculating angular distributions from f ().
All information on the projectile structure and its interactions with the target now appear within the term
the approximate Coulomb modified projectile-target elastic scattering S matrix, which now includes noneikonal modifications within the core-target and valence particle-target two-body systems.
Here we apply the formalism detailed above to the threebody 11 Beϩ 12 C system. 11 Be is a good example of a binary, 10 Beϩn, single neutron halo nucleus. Our choice of a three-body system is to allow comparison of our noneikonal calculations with exact solutions of the three-body adiabatic Schrödinger equation obtained using precisely the same physical inputs. The generalization of the method to fourbody systems is obvious and this application will be presented elsewhere. Fortunately, for Be ground state wave function was taken to be a pure 2s 1/2 neutron single particle state, with separation energy 0.504 MeV, calculated in a central Woods-Saxon potential of geometry r 0 ϭ1.00 fm and a 0 ϭ0.53 fm. Assuming a 10 Be core root mean squared ͑rms͒ matter radius of 2.28 fm, this generates a 11 Be composite with rms matter radius of 2.90 fm, in agreement with the most careful recent analysis ͓20͔ of halo nucleus sizes. We study the sensitivity of results to this choice of matter radius briefly in the following. Figure 1 shows the calculated elastic differential crosssection angular distributions ͑ratio to Rutherford͒ for 11 Beϩ 12 C scattering at 49.3 MeV/nucleon together with the preliminary GANIL data. To assess the importance of breakup and projectile excitation contributions, the dashed curve shows the calculated cross section in the absence of 11 Be breakup contributions; that is, the scattering solution of the Schrödinger equation for the single folding model interaction V 00 ͑ R ͒ϭ͗⌽ 0 ͉V 10 ϩV n ͉⌽ 0 ͘.
͑11͒
The dot-dashed curve shows the results of the conventional lowest-order eikonal model calculation, which includes the effects of intermediate 11 Be excitation and breakup channels. The result obtained when using the prescription discussed above, to include the noneikonal corrections to the 10 Be and neutron phases, is shown by the long-dashed curve. These, and all calculations shown, include WKB and RY correction terms up to and including order nϭ3 in Eqs. ͑6͒ and ͑4͒. The modified calculations are seen to agree to high precision, out to at least 20°, with the exact adiabatic model calculations, presented by the solid curve. The no breakup, eikonal, noneikonal, and exact calculations are also shown to larger scattering angles in Fig. 2 . In addition the lower dot-dashed
FIG. 1. Calculated
11 Beϩ 12 C elastic cross-section angular distributions ͑ratio to Rutherford͒ at 49.3 MeV/nucleon together with the available experimental data. The curves show the no breakup ͑dashed͒, eikonal ͑dot-dashed͒ improved eikonal ͑long-dashed͒, and exact adiabatic ͑solid͒ calculations.
FIG. 2. Calculated
11 Beϩ 12 C elastic cross-section angular distributions ͑ratio to Rutherford͒ at 49.3 MeV/nucleon. The upper curves are as for Fig. 1 . The lower curves show the deviations of the eikonal ͑dot-dashed͒ and improved eikonal ͑long-dashed͒ calculations from the exact adiabatic calculations. and long-dashed curves in Fig. 2 show the computed moduli of the deviations of the lowest-order and improved eikonal model calculations from the full quantum mechanical calculation.
Several points are evident from Figs. 1 and 2. Firstly, projectile excitation and breakup effects are significant and will need to be included in future analyses of experimental data. This observation reinforces the need for accurate and practical methods for the treatment of such processes using few-body models. Secondly, at energies of order 50 MeV/ nucleon, there are equally significant discrepancies between the exact and the lowest-order eikonal model calculations, even at the small scattering angles displayed in Fig. 1 . Moreover, these deviations are typically greater than the error bars already achieved on available experimental data. Thirdly, the simple prescription proposed here for the inclusion of noneikonal corrections within the few-body Glauber model amplitude, considerably improves the accuracy of the calculated observables. Small departures from the exact calculations are now seen only at c.m. scattering angles beyond 20°. It should be pointed out that these corrections are included at a tiny fraction of the computational expense of carrying out the full partial wave, coupled channels, solution required in the case of the adiabatic Schrödinger equation. Finally, we note that the agreement between the full calculations and the data are very encouraging given the parameter free nature of the three-body calculations.
In Figs. 3 and 4 we present similar calculations, but where we have halved the incident 11 Be energy to 25 MeV/nucleon. In lowering the energy, our aim is to enhance the noneikonal contributions. The curves shown have the same meanings as in Figs. 1 and 2 ; however, there are no experimental data available at this energy. As was expected, the differences between the lowest order eikonal ͑dot-dashed curve in Fig.  3͒ and the exact adiabatic calculations ͑solid curves͒ are significantly larger at this lower energy. However, we note the continued success of the noneikonal modifications to the few-body amplitude to correct the eikonal calculation very accurately over a significant range of scattering angles. At energies below that presented, the additional adiabatic assumption would itself be suspect and we do not consider applications to lower energies meaningful within the present framework.
It was noted earlier that the structure and interactions of the composite projectile enters the FBG calculation, with or without noneikonal corrections, through the approximation to the composite-target elastic S matrix defined by Eq. ͑10͒. This S matrix, apart from simple Coulomb modifications, is generated by taking the average, with respect to the projectile ground state wave function, of the product of all the projectile component-target two-body S matrices. The physical basis of the prescription presented here is, therefore, to use the established WKB and RY corrections to the twobody eikonal phase to systematically improve the description of the two-body S matrices for each constituent channel before the projectile ground state average is carried out. The resulting agreement with the exact adiabatic calculations suggests this simple modification accounts for a large component of the physics included via the exact calculation and provides an economical procedure to extend the range of applicability of the few-body Glauber approach. The noneikonal modifications identified here clearly also have implications for calculated reaction cross sections and calculated breakup momentum distributions at these energies.
A natural expectation, given the explicit spatial averaging in Eq. ͑10͒, is that the projectile-target elastic S matrix, and hence the calculated cross section angular distributions, might reflect the spatial extent of the core-valence particle relative motion wave function in a simple way. In Fig. 5 of 2.70 fm ͑long-dashed curve͒, 2.90 fm ͑solid curve͒, and 3.10 fm ͑dot-dashed curve͒. The analysis of reaction crosssection measurements at 800 MeV/nucleon is consistent with the value 2.90 fm ͓20͔. All calculations use the corrected eikonal procedure and also assume the same 10 Be core rms matter radius of 2.28 fm, so the ground states differ only through the range of the valence neutron-core relative motion wave function. We observe quite strong sensitivity in the angular distribution to the size of the halo particle wave function. Indeed the results shown in Fig. 5 would suggest that elastic scattering data, of comparable quality to those presented, but which extend to larger angles, could provide a very valuable and independent measure of the spatial extent of the halo wave function; that of the single neutron in this case.
To conclude, we have presented a simple physical prescription to extend the range of applicability of Glauber model calculations for few-body systems. This involves including the WKB and RY corrections to the two-body eikonal phase, in each projectile constituent-target two-body channel, prior to the projectile ground state average being carried out. In the two-body projectile case presented, this is shown to result in excellent agreement with exact adiabatic calculations for an expanded and useful range of c.m. scattering angles and for all energies where the adiabatic treatment is applicable. We have shown also that breakup and noneikonal effects are significant even at very forward scattering angles in 11 Beϩ
12
C elastic scattering at 49.3 MeV/ nucleon. The inclusion of noneikonal corrections leads to a significantly improved description of the available experimental data. We show also that accurate elastic scattering data extending to larger angles may provide an independent measure of the extent of the neutron halo distribution in 11 Be and related systems. Full details of the noneikonal corrections, their convergence, the implications of the noneikonal modifications for calculated reaction cross sections at these lower energies, and the application of the method to three-body projectile systems will be presented shortly.
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